Whereas area in spaces with a smooth Riemann metric has been widely studied, very little is known regarding area in spaces with general metrics. It is natural to ask, first, in which general spaces the most familiar types of formulas for area hold.
is unique for any two points of S (p, 3p(p) 
inS(p,2p(p)) :
A symmetric function a p (aia 2 Theorem I would become meaningless if the passage: "an area exists" were replaced by "every area that satisfies A and B." For instance, if 4>(%, rj) is any nonconstant positive continuous function in the euclidean plane, then a(abc) = /r(«&c)0(£, rj)d^drj will satisfy A and B but not the relation a{a( ai ai ) =a(aiö 2 a3) for any two triangles with equal (euclidean) sides. This remark applies also to Theorem II. This theorem will be proved in the following form:
) an areaa p (^a&) exists which depends only on x, ï)(a, 6), 4 and ab, then the universal covering space of R is a Minkowski plane.
The proof for (4) is not as easy as for (1). If {abc), then ï)(a, b) = ^(6, c). Property B of area and standard arguments 5 show that for any point x not on §(a, b)
where a stands for a p .
Consider now three noncollinear points a, 6i, b 2 in S(p, ô(p)). Let m be the center of $(&i, J 2 ), (mqa) and put Ci
The relation (5) yields a(abitn) ~a{abïm) and a(qbitn) =a(g& 2 w), hence (6) ot(qb\a) = <x(qfaa) 4 §(a, b) is the exact form of the term "local branch of the geodesic that contains 8(a, b) n employed in II. It is necessary to use that branch instead of the geodesic itself because the example of a torus with a euclidean metric shows that a geodesic may cross an arbitrary neighborhood of a given point infinitely often. 6 See for instance [6, pp. Therefore it follows from (6) that so that a(bj) 2 y) is constant. The general statement follows easily from (5).
We call ï) 2 = ï)(£i, c 2 ) parallel to ï)i = ï)(&i, b 2 ). (8) and (9) show a(ciC2bi) = a(cic 2 b 2 ) so that also f)i is parallel to f)2-The relation (5) yields :
(13) Let §3 be a parallel to f)i and between ï)i and ïfe, and Si, /»£ï)i, (*itó), (siS3S 2 ) y then Sis 2 : SsS\ = t\t 2 ' kh. Hence ï) 3 is also parallel to % 2 .
Every 1/2 where ff< = (£,, rç,). Then the lines L coincide with the euclidean straight line pieces in P; moreover because of (13), the distances e(qi, q 2 ) and qiq 2 are proportional when gi, q 2 vary on a fixed line L.
This and (13) imply that the universal covering space R of R is the whole euclidean plane with the euclidean straight lines as geodesies, and that on each straight line the distance q\q 2 in R is proportional to the euclidean distance e(qi, q 2 ). Therefore (13) holds for R, the parallels now meaning ordinary euclidean lines. It also follows that the circles px = p about a fixed point p are homothetic. To see that the metric in "R is Minkowskian it must be shown that circles with different centers pi, p 2 are also homothetic.
Consider two parallel lines L\ and L 2 and a point p between them. Let Ji be a foot of p on Zi and let the line through p and /i intersect L 2 at/ 2 . Let another line through p intersect Li at a,-. Then by (13) l^pfi/pâi^pfi/pâî, hence/ 2 is a foot of p on L 2 . If {pqji), then ƒ2 is the only foot of p on L 2 (see [2, (7.9)]), and by the preceding argument /i is a foot of q on L\, hence /i is the only foot of p on L\. This means that the circles in R are convex [1, Theorems IV, 3.1, 3] . If the lines through pi and /i and through p 2 and / 2 are parallel, and Zi is a supporting line to the circle pix = pifi at/i, then the parallel to L\ through f 2 is a supporting line of p 2 x = p 2 f 2 [l, Theorem IV, 7.1]. Therefore the two circles are homothetic and the metric of R is Minkowskian.
The "only if" part in II follows from the fact that in a Minkowskian plane the ordinary area of a euclidean plane with the same geodesies will satisfy A and B.
The The preceding discussion suggests the question : in which geometries is the locus of the vertex x of a triangle xab with the fixed base $(a, b), a^b, a fixed area, and on a given side of ï)(a, b) a straight line? However, as long as area only satisfies A and B, this question is not reasonable, as the following example shows: Represent the hyperbolic plane by a euclidean model, in which the straight line pieces in the interior K of the euclidean unit circle are the hyperbolic geodesies. For three points a, b, c in K define a(abc) as the content of the triangle in the sense of the imbedding euclidean metric. Then a satisfies A and B and the above condition.
